We study the two-body problem of ultracold fermionic alkaline-earth (like) atoms in the electronic 1 S0 state (g-state) and 3 P0 state (e-state) which are confined in a quasi-one-dimensional (quasi-1D) tube simultaneously, where in the axial direction the g-atom experiences a 1D optical lattice and the e-atom is localized by a harmonic potential. Due to the nuclear-spin exchange interaction between the g-and e-atom, one can use such a quasi-(1+0)D system to realize Kondo effect in the 1D lattice. We suggest two tight-binding models for this system, for the cases that the oddwave scattering between the g-and e-atom is negligible or not, respectively. Moreover,we give a microscopic derivation for the inter-atomic interaction parameters of these models, by explicitly calculating the quasi-(1+0)D low-energy scattering amplitude of the g-and e-atom in this system and matching this exact result with the ones given by tight-binding models. We illustrate our results for the experimental systems of ultracold 173 Yb and 171 Yb atoms and show the control effect of the confinement potentials on these model parameters. Furthermore, the validity of the simple "projection approximation" is examined. In this approximation, one derives the interaction parameters of the tight-binding models by directly projecting the 3D Huang-Yang pseudopotential on the ground state of the confinement and the lowest band of the optical lattice. This approximation is supposed to be correct when the 3D inter-atomic scattering length as is much smaller than the characteristic lengths (CLs) of the confinements. However, we find that for our system this approximation already does not work when as is only of the order of 10% of the confinement CLs. Furthermore, using the exact two-atom scattering amplitude, we calculate the spin-exchanging rate (i.e., the cross-section of the spin-exchanging collision between the g-and e-atom) for the recent experiment (L. Riegger, et. al., Phys. Rev. Lett. 120, 143601 (2018)) of 173 Yb atoms in this quasi-(1+0)D system, and investigate finite-quasi-momentum effect of the g-atoms in this experiment. Our results show that this effect is very significant, and the quasi-momentum of the g-atoms in this experiment may be already in the second Brillouin zone of the optical lattice.
I. INTRODUCTION
Recently, a series of theoretical and experimental works demonstrated that the ultracold gases of fermionic alkaline-earth-(like) atoms are good platforms for the quantum simulation of many-body models with spinexchange interaction, e.g., the Kondo model [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . These atoms can be prepared in either the electronic ground state ( 1 S 0 state) or the long-lived electronic excited state ( 3 P 0 state). In addition, there exists a nuclear-spin exchange interaction between two atoms in these two electronic states ( Fig. 1(a) ). The experimental measurements show that the spin-exchange interactions of 87 Sr, 173 Yb and 171 Yb atoms are pretty strong, with corresponding three-dimensional (3D) scattering lengths being as large as 10 2 a 0 -10 3 a 0 with a 0 being the Bohr's radius [5] [6] [7] [8] [9] . In 3D free space the spin-exchange interaction of 87 Sr and 173 Yb atoms are ferromagnetic [5, [7] [8] [9] , while the one of 171 Yb atoms isantiferromagnetic [6] . 
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Y r I C G t M r E u o 6 E I I l l 9 e J a 1 a N b i s 1 h 6 u y v X b P I 4 C n M I Z V C C A a 6 j D P T S g C Q T G 8 A y v 8 O Y p 7 8 V 7 9 z 4 W r W t e P n M C f + B 9 / g A y N I 7 R < / l a t e x i t > The g-atoms (blue balls) and the single e-atom (red balls), which can be in either the nuclear-spin states ↑ or ↓, are simultaneously confined in the quasi-1D tube. Along the axial direction (z-direction), the g-atoms experience a 1D optical lattice, while the e-atom is localized by a harmonic trap centered at the 0-th site of this lattice. (c) and (d): Two 1D tight-binding models we suggest for our system. The g-atom hops between the nearest blue sites, with hopping rate t. The e-atom, which is localized in the 0-th site, is represented as the red ball. (c) : In model (I) the interaction between the e-and g-atoms occurs only when the g-atom is at the 0-th site, with interaction strength u effect. For instance, these models are believed to describe the physics in the heavy-fermion and related system [15, 19, 20] . For ultracold alkaline-earth-(like) atoms, one can realize the 1D tight-binding lattice model with Kondo effectvia the mixed-dimensional setup described above, by adding a 1D optical lattice potential for the g-atom in the axial direction of the tube ( Fig. 1(b) ). This system also has been realized in the experiment of Ref. [4] .
In this work, we present the appropriate tight-binding models corresponding to the above mixed-dimensional lattice system ( Fig. 1(b) ). In this system, there are both even-wave and odd-wave scatterings between the g-and e-atoms. Nevertheless, the odd-wave scattering can usually be neglected if the system is not under an odd-wave resonance. The tight-binding model (model I) for this case can only include the interaction between the e-atom and the g-atom in the same site ( Fig. 1(c) ). On the other hand, if the odd-wave scattering is not negligible, in the corresponding tight-binding model (model II) the e-atom interacts with the g-atom which is either in the same site or in the nearest neighbor sites ( Fig. 1(d) ), so that both the even-wave and the odd-wave scattering amplitudes can be reproduced by this model.
Furthermore, we give a microscopic derivation for the interaction parameters of the above two tight-binding models. To this end, we construct the Green's function for our quasi-(1+0)D lattice system, in aid of the Mathieu function. Using this Green's function we calculate the exact low-energy scattering amplitudes between the g-and e-atoms by solving the Lippman-Schwinger equation. By equalizing these exact scattering amplitudes and the ones given by the tight-binding model, we obtain the interaction parameters. Our results show that as in other quasi-low-dimensional systems, these interaction parameters can be efficiently controlled by the trapping potentials and the lattice potential. For ultracold 171 Yb and 173 Yb atoms we illustratethe interaction parameters for typical experimental cases.
Moreover, when the scattering length a s between the g-and e-atoms in the 3D free space is very small, we can approximately derive the interaction parameters by projecting the Huang-Yang pseudopotential in the ground states of the trapping potential and the lowest band of the optical lattice. In this work we further investigate the applicability of this widely-used "projection approximation" for our system, and find that this approximation already fails when a s is only of the order of 10% of the characteristic lengths of the trapping/lattice potentials, and thus cannot be used for many realistic cases.
In addition, we also use the exact scattering amplitude to study the results of the recent experiment of Ref. [4] . In our previous work [3] , we have analyzed this experiment by calculating the intensities of effective 1D spinexchange interaction between the e-and g-atoms, and in the calculation, the axial lattice potential for the gatom was ignored. In the present manuscript, we can include this optical lattice. More importantly, in comparison with the effective interaction intensity, the spinexchange collision rate R se (i.e., the "cross-section" of the spin-exchange collision) is much more directly related to the experimental observations of Ref [4] on the amount of the atoms whose spin are flipped during the scattering. Thus, in the current work we calculate R se for the experimental system. Since R se depends on the incident quasi-momentum of the g-atom, by comparing the theoretical and experimental results we estimate this quasimomentum and investigate the finite-quasi-momentum effect of this experiment. Our results show that this effect is very significant. Explicitly, the resonance position is very sensitive to the incident quasi-momentum of the g-atom. In addition, our estimation shows that in current experiment [4] this quasi-momentum may already in the second Brillouin zone of the optical lattice.
The remainder of this paper is organized as follows. We describe the detail of our quasi-(1+0)D system in Sec. II and show the forms of the corresponding tightbinding models in Sec. III. In Sec. IV we calculate the exact low-energy scattering amplitudes between the eand g-atoms and derive the interaction parameters for the tight-binding models. The applicability of the "projection approximation" and the experimental cases for the 171 Yb and 173 Yb atoms are also analyzed in this section. In Sec. V we calculate the spin-exchange collision rate for the experimental systems of Ref. [4] . A summary for our results and some discussions are given in Sec. VI. In the appendixes, we present details of our calculation.
II. SYSTEM AND HAMILTONIAN
As mentioned in Sec. I, we consider two alkaline-earths (like) atoms of the same species, which are in the electronic 1 S 0 (g-) and 3 P 0 (e-) state, respectively. In addition, each atom can be in two nuclear-spin sates, which are denoted as ↑ and ↓ ( Fig. 1(a) ). We focus on the case with zero magnetic fields (B = 0) where these two spin states are degenerate. Furthermore, as shown in Fig. 1(b) , the two atoms are confined in a 2D isotropic harmonic potential in the x-y plane (i.e., a quasi-1D tube along the z-direction), which has the same frequency for both of the two atoms. Also, in the z-the direction the g-atom experiences an optical lattice and the e-atom is localized by another 1D harmonic trapping potential.
The Hamiltonian for our two-body problem is given by
where H 0 and U are the free Hamiltonian and interatomic interaction, respectively. Explicitly, H 0 can be expressed as
Here
is the Hamiltonian for the relative motion of the two atoms in the transverse directions (x-y plane), with ρ being the relative coordinate vector on the transverse direction, µ being the two-atom reduced mass, and ω ⊥ being the transverse confinement frequency. We would like to emphasis that since the confinement in the x-y plane is a harmonic potential with the same frequency for the two atoms, in this plane the center-of-mass motion of these two atoms can be separated from the relative motion, and is ignored in our Hamiltonian. On the other hand, in Eq. (2) the terms H are the Hamiltonians for the motion of the g-atom and e-atom along the z-direction, respectively. They can be expressed as
where m = 2µ is the single-atom mass, z g(e) is the zcoordinate of the g-(e-) atom, k 0 is the wave vector of laser for the optical lattice of the g-atom, s g and E R = 2 k 2 0 /(2m) are the depth and the corresponding recoil energy of this lattice, respectively, and ω z is the trapping frequency for the e-atom in the z-direction.
Moreover, as shown in previous researches (e.g., Ref. [4] [5] [6] [7] [8] [9] ), the inter-atomic interaction U for our system is diagonal in the basis of nuclear-spin singlet and triplet states, and can be expressed as
where P +(−) is the projection operator for the spinsinglet (triplet) sates, and can be written as
is the spin-singlet state and
are the triplet states. In Eq. (6) U +(−) is the Huang-Yang pseudo potential corresponding to the singlet (triplet) states, and takes to the following form
where a (±) s are the corresponding scattering lengths, r = ρ + (z g − z e )e z is the relative-position vector of the two atoms and r = |r|, with e z being the unit vector along the z-direction. For the realistic alkali-earth (like) atoms, we usually have a
s , which is inaccordance with the existence of the spin-exchange interaction. For instance, we have a 171 Yb atoms [6] .
III. TIGHT-BINDING MODEL A. 2-body tight-binding models
Now we consider the case where the temperature T of our system is low enough so that k B T is much smaller than ω z , ω ⊥ , as well as the minimum energy of the second band of the axialopticallattice for the g-atom, with k B being the Boltzmann constant. We further assume that the axial lattice is deep enough so that only the hopping between the nearest sites is required to be taken into account. In this case, when the two atoms are separated from each other, the transverse relative motion is frozen in the ground state of the transverse confinement, and the motion of the g-atom and e-atom in the z-direction are frozen in the lowest band of the optical lattice and the ground state of the axial harmonic trap, respectively. As a result, the system can be described by 1D tight-binding models, where only the hopping of the g-atom between the nearest sites of the axial lattice and the nuclear spin of these two atoms are taken into account. Thus, in these models the free Hamiltonian of the g-atom can be expressed as
where |n g is the Wannier state of the g-atom for the n-th site of the axial optical lattice, and t is the hopping rate. Explicitly, the wave function of state |n g is g z g |n g = w(z g − nl 0 ) with |z g g being the eigen-state of the zcoordinate of the g-atom and w(z) being the Wannier function of the axial optical lattice, and
is the lattice constant. The hopping rate t can be expressed as
Now we consider the interaction term in the tightbinding models. We notice that the following three facts are important for the analysis of this problem:
a) The effective interaction should be able to reproduce the low-energy scattering amplitude between the g-and e-atom. b) Our system is invariable under the total spatial reflection z g → −z g , z e → −z e of the two atoms. As a result,the total spatial parity P of the two atoms is conserved. Therefore, there are two partial-wave scattering channels, i.e., the evenwave and odd-wave which correspond to P = +1 and P = −1, respectively.
c) For many realistic quasi-(1+0)D systems, the oddwave scattering is not negligible only when the system is under an odd-wave scattering resonance. Otherwise, the odd-wave scattering amplitude can be safely ignored.
Considering the above facts, we find that we may have the following two tight-binding models for our system, with different effective interactions corresponding to two different cases:
For the cases where the odd-wave scattering can be ignored.
As shown in Fig. 1(c) , in this model the e-atom, which is confined at the 0-th site of the axial lattice (i.e., the region around z e = 0), only interacts with the g-atom in the same site. Accordingly, the effective interaction is described as a local potential:
where the projection operators P ξ (ξ = +, −) are defined in Eq. (7). Thus, the complete tight-binding Hamiltonian for this model is
Straightforward calculations show that the odd-wave scattering amplitude corresponding to H (I) 1D is exactly zero. Therefore, this model can be used for the cases where the odd-wave scattering amplitude is negligible. On the other hand, this model should be able to reproduce the correct even-wave interaction scattering amplitudes. Therefore, matching the eve-wave scattering amplitudes given by H As shown in Fig. 1(d) , in this model the e-atom interacts with not only the g-atom in the same site (the 0-th site), but also the g-atom in the nearest neighbor sites (the ±1-st sites). Thus, the effective interaction potential can be expressed as
and the total tight-binding Hamiltonian for this case is
Due to the second term in the right-hand side of Eq. (18), both the even-and odd-wave scattering amplitudes corresponding to H (II) 1D are non-zero. Therefore, this model can re-produce the explicit scattering amplitudes in both of the two partial wave channels, and thus can be used for the general cases, especially the cases where the odd-wave scattering of our system cannot be ignored. Similar as in Model (I), one can determine the interaction parameters u At the end of this subsection, we emphasize that in principle the model (II) can also be used for the cases that the odd-wave scattering amplitude is negligible, as the model (I). In these cases, both the even-and oddwave low-energy scattering amplitudes of model (II) are the same as the ones for the explicit Hamiltonian H, although the odd-wave ones are very small. Nevertheless, as shown above, the model (II) is more complicated than model (I) in which the odd-wave scattering is ignored.
B. Many-body tight-binding models
We can directly generalize the above two tight-binding models to the systems where there are many g-atoms moving in the axial lattice, interacting with a single eatom fixed at the 0-th site. To this end, we re-write the Hamiltonians H 1D for these two models in the second-quantized form as
and
respectively. Here c n,σ and c † n,σ (σ =↑, ↓) are the annihilation and creation operators of g-atom at the n-th site of the axial lattice with nuclear spin σ, respectively, and the operators σ z,± and n (g,j) are defined as
In 
The parameters t, u
0,± and u
1,± are exactly the ones introduced in the last subsection.
It is easy to prove that when there is only one gatom, the Hamiltonians H MB can also be used for the cases with more than one g-atoms.
IV. SCATTERING AMPLITUDE AND THE u-PARAMETERS
As shown in the above section, the interaction parameters in the above two tight-binding models are determined by the low-energy scattering amplitudes of the explicit Hamiltonian H. In addition, since both H and the tight-binding Hamiltonians H (I,II) 1D of our system are diagonal in the basis of spin-singlet and triplet states, these two spin channels are independent of each other. As a result, the interaction parameters {u 1,− } are determined by the scattering amplitudes of the Hamiltonians H 0 + U + and H 0 + U − , respectively, with H 0 and U ± being defined in Eqs. (2, 12) .
In this section, we calculate these amplitudes and the interaction parameters. We will show that these uparameters can be efficiently controlled by the confinement and lattice potentials via the CIRs of our system.
A. Explicit low-energy scattering amplitudes
Now we calculate the low-energy scattering amplitudes for the Hamiltonian
The incident state Ψ in (ρ, z g , z e ) is an eigen-state of the free Hamiltonian H 0 , with corresponding eigen-energy (i.e., the scattering energy) E. Ψ in (ρ, z g , z e ) can be expressed as
where χ 0 (ρ) and φ 0 (z e ) are the ground states of the free Hamiltonians H ⊥ and H (e) z for the transverse relative motion and the e-atom axial motion, respectively. In Eq.
(29), ψ(z g ) is the lowest band Bloch wave function of the g-atom. It is an eigen-state of the free Hamiltonian H (g) z for the axial motion of the g-atom, and satisfies
with E = E − ω ⊥ − ω z /2. Using the expression (4) of H (g) z , we find that Eq. (30) can be mathematically reduced to the Mathieu equation [22] ,
with indexes a = 2mE/ 2 k 2 0 −s g /2 and q = −s g /4. Thus, ψ(z g ) can be expressed as
Here the function F(z g ) can be further expressed as F(z g ) = M(πz g /l 0 ), with M(s) being the Mathieu function of the first kind, which satisfies M(s) = M(s+π). In Eq. (32), the parameter k is the characteristic exponent of the Mathieu equation (31). It is a function of E and satisfies k > 0. Apparently, F(s) and k are also the Bloch wave function and the positive quasi-momentum corresponding to the eigen-energy E of the lattice Hamiltonian H (g) z , respectively. Using the properties of the Mathieu function, it can be proved that in the absence of the axial lattice (i.e., s g = 0), Eq. (32) becomes ψ k (z g ) = e ikzg , i.e., ψ k (z g ) returns to the plane-wave state corresponding to momentum k.
Furthermore, the scattering state Ψ ξ (ρ, z e , z g ) (ξ = +, −) of our problem is determined by the Schrödinger equation
as well as the out-going boundary condition in the limit |z g | → ∞, which can be expressed as
Here f 
where r ξ (k) and t ξ (k) are the reflection and transmission amplitudes, respectively, and are related to f
ξ (k)+1. Furthermore, in the low-energy limit, i.e., k → 0, the scattering amplitudes can be expressed as
where a ξ are defined as the even-and odd-wave 1D scattering length, respectively. These two scattering lengths describe the significance of the low-energy scattering effect. Explicitly, the even-and odd-wave scattering is significant in the limits a Our method is a generalization of our previous work [3] for the systems without the axial optical lattice. The key step of this generalization is the calculation of the Green's function in the aid of the Mathieu function.
For our system, a s , but also on the parameters of the axial lattice and the confinement potentials, i.e., s g , l 0 , and
When these parameters are tuned to some particular values, we may have a = ∞. Namely, the even-or odd-wave scattering can be resonantly enhanced. These effects are the even-wave or odd-wave CIR.
In Fig. 2 It is clearly shown that multi-CIRs can appear for both even-wave and odd-wave scattering. That is essentially due to the coupling between the center-of-mass and relative motion of these two atoms in the z-direction. Similar phenomenon also occurs for other mixed-dimensional systems [23] [24] [25] [26] . In addition, Fig. 2 shows that the evenwave CIRs are much broader than the odd-wave CIRs (notice that the range of the vertical axis of Fig. 2(a) is [−100, +100], while the one of Fig. 2(b) is [−2, +2] ). That is consistent with the fact that in the low-energy limit the odd-wave scattering effect is much weaker than the even-wave scattering (i.e., lim k→0 f 
while the parameters u 
respectively. Since u 1,ξ for the same cases of Fig. 2 .
In Fig. 4 we further compare the scattering amplitudes of the tight-binding models with the above u-parameters and the ones of the exact Hamiltonian H in Eq. (1), for the cases with finite incident quasi momentum k of the g-atom. We consider the system with a z /a ⊥ = 0.8, a z /l 0 = 0.15, s g = 5 and a 
It is shown that the even-wave scattering amplitudes given by the two tight-binding models (I) and (II) and the one given by the exact Hamiltonian H are almost same for k 0.2, and only have small quantitative differences (at most 0.05) for k 0.2. On the other hand, in this system, the explicit odd-wave scattering amplitude of H is negligibly small (of the order of 10 −4 ), and is almost same as the result given by model (II) for k 0.2. Therefore, the tight-binding models (I) and (II) can accurately reproduce the scattering amplitudes given by H in a remarkable fraction of the first Brillouin zone.
C. Applicability of the projection approximation
Now we consider the weakly-interacting cases where the 3D bare scattering length a (ξ) s is small. For simplicity, here we focus on the case where the odd-wave scattering can be ignored and the system can be described by the tight-binding model (I).
In the limit a confinement and axial lattice potential can be neglected.
As a result, we can make the "projection approximation" where the interaction parameter u
0,ξ (ξ = +, −) of the tight-binding model (I) is approximated as the direct projection of the Huang-Yang pseudo potential U ξ on the ground states of the transverse confinement for the twoatom relative motion and the axial trapping potential of the e-atom, as well as the Wannier function of the 0-th site of the axial lattice of the g-atom, i.e.
Qualitatively speaking, this projection approximationis applicable when a (ξ) s is "much smaller" than all the characteristic lengths {a z , a ⊥ , l 0 } of the trapping potentials and the optical lattice. Here our question is, quantitatively speaking, for how small is a (ξ) s we can use this approximation?
To answer this question, in Fig. 5 we compare the exact value of u (I) 0,ξ given by Eq. (39) with the approximated value u project for a typical case with a z /a ⊥ = 0.8, a z /l 0 = 0.15, s g = 5. It is shown that in the limit of a (ξ) s → 0, the projection approximation works well. However, when the system derivates from the non-interacting point, the approximation fails very soon and the exact value rapidly becomes larger than u project , especially for the cases with a (ξ) s > 0. To be specific, the relative error of the projection approximation is already as large as 70% when a s /a ⊥ = −0.2 the relative error of the projection approximation is also about 40%. Therefore, for our system, the approximation does not work even when the 3D scattering length is of the order of 10% of the characteristic lengths of the confinement, and in these cases, one needs to determine the uparameters via the exact calculation for the inter-atomic low-energy scattering amplitudes or careful experimental calibrations.
D. Spin-exchange interaction of ultracold
171 Yb or 173 Yb atoms Now we implement our approach to the 171 Yb and 173 Yb atomic gases and investigate the spin-exchange interaction in these two systems. Here we consider the setup of the experiment of Ref. [4] . In this experiment the transverse confinement potential is realized by a 2D optical lattice with magic wave lengths λ ⊥ = 759nm, while both the axial lattice for the g-atom and the axial trapping for the e-atom are realized via a 1D optical lattice with wave length λ z = 670nm, respectively. The explicit expression for the total transverse potential U (⊥) lattice for the two atoms and the axial potential U (z,j) lattice (j = e, g) for the j-atom are given by
where x j and y j (j = e, g) are the x-and y-coordinates of the j-atom, respectively, E
, and E R = 2 k 2 0 /2m as defined before, and the dimensionless parameters s ⊥ , s g and s e are the depths of these lattice potentials.
In our calculation we take the exact form of U (z,g)
lattice . In addition, as mentioned before, by expanding U (z,e) lattice and U (⊥) lattice around the minimum points we can obtain the harmonic trapping potentials shown in Eqs. (3) and (5) . Accordingly, for this system the characteristic lengths a z and a ⊥ are given by
respectively, with λ z = 2π/k 0 . Moreover, as mentioned before, for 173 Yb, the 3D scattering lengths are a
For our system, since the axial potentials for the eatom and g-atom are created by the same laser beam, the intensities s e and s g for these potentials are related with each other. For the laser beam with wavelength 670nm, we have s e ≈ 3.3s g for both 173 Yb and 171 Yb atoms, because the electronic structures of these two isotopes are quite similar. Thus, in the experiments, the independent control parameters are s ⊥ and s g , which can be tuned via the intensities of the laser beams.
In Fig. 6 we present the spin-exchange interaction strengths Ω (Fig. 6(a,b) ) and 171 Yb atoms (Fig. 6(c,d) ). According to Eq.(26), these Ω-parameters aresimple functions of the u-parameters. It is shown that the effective spin-exchange interaction can be efficiently controlled by the laser parameter s g . On the other hand, Fig. 6 also shows that for the same case, the parameters Ω can also be very different. Nevertheless, as shown in Fig. 4 , when the odd-wave scattering can be neglected both of the the two tight-binding models can reproduce the same correct low-energy even-wave scattering amplitudes. That is because the even-wave scattering amplitude of H 
V. FINITE-MOMENTUM EFFECT IN THE
EXPERIMENT OF REF. [4] At the end of this work, we re-visit the experimental results of Ref. [4] . As introduced in Sec. IV.D, in this experiment the ultracold quasi-(1+0)D 173 Yb atoms are trapped in the quasi-(1+0)D confinement. The localized e-atom and the moving g-atoms are initially prepared in the nuclear-spin states | ↓ e and | ↑ g , respectively. After a finite holding time, the nuclear spin of some e-atoms are flipped to| ↑ e by the inter-atomic spin-exchangecollision. The number N e↑ of these spin-flipped e-atoms is measured.
In this section, we calculate the spin-exchange collision rate R se for this system and investigate the finitemomentum effect of this experiment. We first show the mathematical definition of R se . According to the above description, the incident wave function of the spinexchanging collision in the experiment can be expressed as
where the functions χ 0 (ρ), φ 0 (z e ) and ψ(z g ) are defined in Sec. IV. A, and the spin singlet state |+ and triplet state |−, 0 are defined in Eq. (8) and Eq. (9), respectively. Furthermore, the scattering process is governed by the Hamiltonian H of Eq. (1), which is diagonal in the singlet-triplet basis. Thus, the scattering wave function corresponding to |Φ in (ρ, z g , z e ) can be expressed as
Here the function Ψ ξ (ρ, z e , z g ) (ξ = +, −) is the one calculated in Sec. IV. A. Using the out-going boundary condition (34) of Ψ ξ (ρ, z e , z g ), we can obtain thebehavior of |Φ (+) (ρ, z g , z e ) in the limit that the two atoms are far away from each other (i.e., the limit |z g | → ∞): Here we also used the relations (8, 9) between the basis
are the even/odd wave scattering amplitudes for the elastic process where the nuclear-spin of the two atoms is not changed, and Q (e/o) se are the even/odd wave scattering amplitudes for the spin-exchange collision. They can be expressed as (s=e,o)
where f (s) ξ (k) (s=e,o, ξ = +, −) are the scattering amplitudes for the singlet and triplet channels, which are defined and calculated in Sec. IV. A. Furthermore, the spin-exchange collision rate R se can be defined as
In Fig. 7 (a) , we show the spin-exchange collision rate R se of 173 Yb atoms for the experimental case with s ⊥ = 35, and compare our result with the experimental measurement for the spin-flipped e-atom number N e↑ . It is clearly shown that as a function of the intensity s g of the axial lattice, the behavior of R se seriously depends on the incident quasi-momentum k of the g-atom. Explicitly, in the low momentum cases with k = 0.01k 0 , the peaks of R se are inconsistent with the peaks of N e↑ . Upon increasing the incident quasi-momentum k, one could find the peaks of R se and N e↑ becomes more and more consistent with each other. When the incident quasimomentum k = 1.8k 0 , the location of one peak (C A ) of R se is quantitatively consistent with the peak p A of N e↑ , and the other peak (C B ) of R se is also close to another peak p B of N e↑ . The difference between the positions of C B and p B may originate from the anharmonicity of the axial trapping potential of the e-atom. In addition, the observed peaks p A,B are broader than the ones C A,B from our calculation. That may because in the experiment the quasi-momentum k of the g-atoms does not take a certain value, but has a thermal distribution, and the variance of k can broaden the CIR peaks.
In Fig. 7(b) , we further present the spin-exchange collision rate R se for the case with k = 1.8k 0 in the parameter region s g ∈ [0. 5, 8] and s ⊥ ∈ [15, 50] . Two branches (A) and (B) with large R se are clearly shown. Our calculations show that they are induced by the even-and odd-wave CIR of our system, respectively. Comparing our results with Fig. 3(a) of Ref. [4] , which illustrates two experimentally observed CIR branches, we find that the location of the even-wave CIR branch (A) is quantitatively consistent the one observed in the whole parameter region. The location of the odd-wave CIR branch (B) is also qualitatively consistent with another observed branch, and the quantitative difference of their locations is possibly due to the anharmonicity of the longitudinal confinement potential for the e-atom, as discussed above. Besides, Fig. 7 (b) also shows some CIR branches around s g = 1, which are too narrow to be observed in the experiment.
Our results show that the finite-momentum effect is very important for the experiment of Ref. [4] . Explicitly, the locations of the peaks of the spin-exchanging rate in the parameter region can be significantly shifted by the change of the incident momentum k of the g-atom. Moreover, our calculation consists of the experimental results when the incident momentum k is about 1.8k 0 , i.e., in the second Brillouin zone. This result implies that in the experiment most of the g-atoms are in the second band of the optical lattice. Thus, further cooling is required to realize the tight-binding model.
VI. SUMMARY
In this work, we show that theultracold gases of alkaline-earth atoms in electronic e-and g-states, which are trapped in the quasi (1+0)D confinement with an axial optical lattice can be described by two tight-binding Kondo models (I) and (II) for two different cases. We further derive the interaction parameters for these two models by exactly solving exactly the two-atom scattering problem of this system. The comparison between the exact results and the ones given by the simple projection approximation shows that for our system this approximation fails even when the 3D scattering length is only of the order of 10% of the characteristic lengths of the confinement and optical lattice potentials. By implementing our theory to ultracold 173 Yb and 171 Yb atoms, we further illustrate the control effects of the confinement and optical lattice on the interaction parameters of these two models. Moreover, using the exact solution of the two-body scattering problem, we also derive the spinexchanging rate of 173 Yb atoms in the recent experiment of Ref. [4] , and find that for this experiment the effect of the finite-momentum of the g-atoms is very significant.
= 2m
2 .
Solving Eqs. (A3,A4,A5) together with the out-going condition, one immediately finds that G 1D (E; z, z ) can be written as
with W(z ) = [F (−z ) F (z) + F (z ) F (−z ) + 2ikF (z ) F (−z )]. In the case of s → 0, F (z) becomes a constant and the quasi-momentum reduces to the momentum k. As a result, the Green's function in Eq.(A6) reduces to
with √ E = i |E| for E < 0, which is just the Green's function in free space.
Lippmann-Schwinger Equation and Scattering Amplitude
Now we return to our quasi-(1+0)D scattering problem governed by the Hamiltonian H ξ in Eq. (28). Using the expression of the Huang-Yang pseudo potential U ξ , we find thatthe scattering state Ψ ξ (ρ, z e , z g ) corresponding to the incident wave function Ψ in (ρ, z g , z e ) introduced in Eq. (29) satisfies the Lippman-Schwinger type equation Ψ ξ (ρ, z e , z g ) = Ψ in (ρ, z, z) + 2π 2 a (ξ) s µ dz G(ρ, z g , z e ; 0, z , z )η(z ),
where the function η(z) is defined as
and the Green's function G associated with the free Hamiltonian in Eq. (2) can be expressed as (with the Dirac notations)
G(ρ, z g , z e ; ρ , z g , z e ) = ρ, z g , z e | 1 E + i0 + − H 0 |ρ , z g , z e .
Here |ρ, z g , z e is the eigen-state of the inter-atomic relative transverse coordinate and the axial coordinates of the two atoms. Furthermore, for ρ = ρ = 0, the Green's function can be simplified as G(0, z g , z e ; 0, z e , z g ) = n ⊥ =0,2,4,...
µω ⊥ π G n ⊥ (z g , z e ; z e , z g ),
with G n ⊥ (z g , z e ; z e , z g ) being define as G n ⊥ (z g , z e ; z e , z g ) = z g , z e | 1 E − (n ⊥ + 1) ω ⊥ + i0 + − T z + s z,g E R sin 2 (k 0 z g ) + 
where
Here G (1DL) E; z g , z g is the free Green's function given in the above subsection, and φ nz (z e ) is the n z -th eigen-state of H (e) z defined in Eq. (5). In the derivation of Eq. (A11) we have used the fact that |χ n ⊥ (ρ = 0)| 2 = µω ⊥ / π, where χ n ⊥ (ρ) is the eigen-state of H ⊥ defined in Eq. (3), with principle quantum number n ⊥ and zero axial angular momentum.
Substituting Eq. (A11) and Eq. (A12) into Eq. (A8), and using the expression (A6) of G (1DL) E; z g , z g and theboundary condition given in Eq.(35) of the main text, we find that the reflection and transmission amplitude defined in Eq.(35) can be expressedas
with E n ⊥ ,nz = 2 k 2 2m − n ⊥ ω ⊥ − n z ω z . Here the functions G (1DL) , G (1DF) and the parameter E n ⊥ ,nz are defined in Eq. (A6), Eq. (A7) and Eq. (A13), respectively. We can submit Eq. (A19) into Eq. (A18), and re-write the integral equation for η(z) in terms of the functionsG(0, z g , z e ; 0, z , z ) and G (z g , z e , z ). Furthermore, we notice that in the limit z g → z e the behavior of the function G(0, z g , z e ; 0, z , z ) is irregular, while the behavior of G (z g , z e , z ) is regular. Fortunately, in our previous work [3] for the quasi-(1+0)D system without the axial lattice, we have treated the irregularity of the Green's function G(0, z g , z e ; 0, z , z ). Here we can directly use the approach in that work. After straightforward calculation, we eventually obtain
with 
where m is the single-atom mass. Eq. (A22) is an integral equation for η(z), with all singularities being removed. We numerically solve this equation and obtain the function of η(z). Using this result we can directly calculate the scattering amplitudes f (e/o) ξ with the approach shown in the above subsection.
